Introduction
Adaptive structures, advanced actuators, and precisioncontrollable shapes/surfaces based on synergistically integrated smart materials and control electronics have been increasingly studied and developed in the last two decades. Smart structures and structronic systems utilizing piezoelectric materials, electrostrictive materials, shape memory alloys, and magnetostrictive materials have been reported over the years. There is a close analogy between the magnetic properties of ferromagnetics and the electric properties of ferroelectrics. Both exhibit spontaneous polarization, magnetic or electric. Magnetostriction refers to a change of dimensions in ferromagnetic materials, such as iron, nickel, cobalt, and most alloys of these materials, when placed in a magnetic field, which was first reported by Joule in 1847. This magnetostrictive effect may be due to either exchange interactions or relativistic interactions in the continuum. Dimensional changes induced by magnetostriction are small, however, the stroke or force of a magnetostrictive actuator is large enough to perform precision control tasks. Nonlinear constitutive relations for magnetostrictive materials have been proposed ͓1,2͔ and a one-dimensional ͑1D͒ application are investigated ͓3͔. Magnetoelasticity of thin plates and shells has been reviewed ͓4͔, so a nonlinear optimal control method for magnetostrictive actuators is presented ͓5͔. The control of laminated composite plates and beams using magnetostrictive layers has been studied ͓6-8͔, and design fundamentals of magnetostrictive actuators or miniactuators have been presented as well ͓9,10͔. Although practical applications and engineering devices have been investigated over the years, comprehensive theories and generic mathematical models encompassing quadratic magnetostriction, elasticity, static/dynamic/control characteristics of magnetostrictive shell continua are still lacking. This limits their potential applications in advanced shell-/plate-type engineering structures such as mirrors, reflectors, antennas, fairings, domes, etc.
Piezoelectric shells, continua, and systems have been investigated for years and their theories and mathematical models are relatively well established ͓11-15͔. Unlike piezoelectric shells, magnetostrictive strain is approximately proportional to the square of the external applied magnetic field ͓1,16͔. As discussed previously, in order to utilize magnetostrictive materials in shell-type engineering structures, generic models incorporating magnetostriction, elasticity, dynamic, and control characteristics of shelldistributed parameter systems ͑continua͒ are needed to predict their dynamic response and control characteristics. The objective of this study focuses on the development of a generic mathematical model for coupled dynamic motions of magnetostrictive thin shells. Applications of the generic magnetostrictive shell theory and governing equations to other standard shells ͑e.g., spherical, toroidal, etc.͒ are demonstrated in case studies.
Fundamental Magnetostriction/Elasticity
The actuation performance of magnetostrictive continua depends on magnetostriction-induced strain that is proportional to the square of the applied magnetic field. The magnetostrictioninduced strain is the same under an either positively or negatively applied external magnetic field. Fundamental magnetostriction, strains, stresses, forces, and moments, both magnetostrictive and elastic, are defined in this section. Figure 1 illustrates a doublecurvature magnetostrictive/elastic thin shell defined in a triorthogonal curvilinear coordinate system ͑␣ 1 , ␣ 2 , and ␣ 3 ͒ with both mechanical and magnetic excitations. R 1 and R 2 denote the radii of curvature of two in-plane ␣ 1 and ␣ 2 axes.
To study magnetostrictive/elastic characteristics and the dynamic behavior of magnetostrictive thin shells, fundamental magnetostriction is defined first. The nonlinear magnetostriction constitutive equations based on Gibb's free energy function are ͓1,16,17͔ intensity vector; r ijklmn * and r klmnpq * are the sixth-order magnetoelastic tensors; B k is the magnetic induction vector; and kl is the second-order permeability tensor. Under small or moderate fields, the magnetoelastic tensor is negligible and the nonlinear magnetostrictive constitutive equations are reduced to
This set of equations constitutes the fundamental magnetostrictive and elastic coupling effects. Furthermore, the strain expression in Eq. ͑2a͒ can be converted to a stress expression T ij as
where c ijkl is the fourth-order elastic stiffness tensor and g ijkl is the magnetostrictive stress tensor, defined as g ijkl = c ijmn m mnkl * ͑i, j, k, l, m, and n =1, 2, 3͒. Equation ͑2a͒ and Eq. ͑3͒ encompass the magnetostriction effect and the elastic properties of a magnetostrictive continuum. Equation ͑2b͒ denotes the inverse magnetostriction effect. Assuming that the magnetostrictive shell is exposed to a displacement field and a magnetic field, the minimum potential energy functional can be established from the virtual work principal ͓18͔. Thus, the energy functionals resulting from the magnetostriction effect and inverse magnetostrictive effect are, respectively, written as
where F u ͑u͒ and F H ͑H͒ are, respectively, the energy functionals of displacement and magnetic field of the magnetostrictive continuum. Here t ij is the surface traction tensor; U j is the displacement vector; U j is the velocity vector; is the mass density; ⌽ ͑in italic͒ is the electric-magnetic energy density per unit time, i.e., ⌽ =−١ · ͑E ϫ H͒, where ١ is the gradient operator; E is the electric field intensity vector; and H is the magnetic field intensity vector. Furthermore, V is the volume of the magnetostrictive shell continuum and S ͑in italic͒ is the boundary surface acted upon by the surface tractions t ij . For generality, the material is defined to be triclinic. Thus, the elasticity tensor c ijkl has 21 independent constants and the magnetostrictive strain tensor m ijmn * has 36 independent constants. Utilizing these material properties, the enthalpy H g of the displacement function can be derived in the following form:
͑6͒
The elasticity tensor c ijkl has the symmetry properties, i. ͑7f͒
The "magnetostrictive" stress components induced by the external transverse magnetic field, due to the magnetostriction effect, are
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When a magnetostrictive shell continuum is thin, the transverse displacement in the ␣ 3 direction is independent of ␣ 3 and the displacements in the ␣ 1 and ␣ 2 directions vary linearly through the shell thickness, i.e., the Kirchhoff-Love thin shell assumptions. Also assume that the transverse shear strains ͑i.e., S 13 and S 23 ͒ and the normal strain S 33 are neglected for a magnetostrictive thin shell. Expressing strains in terms of the membrane component s ij 0 and the bending component k ij gives Here s 11 0 and s 22 0 are the membrane normal strains in the ␣ 1 and ␣ 2 directions and s 12 0 is the membrane shear strain. The membrane strains are related to the shell displacements u i ͑i =1, 2, 3͒ as Transactions of the ASME
where A 1 and A 2 are the Lamé parameters; R 1 and R 2 are the radii of curvature; and u 1 , u 2 , and u 3 are the displacements, respectively, in the 1, 2, and 3 directions. The bending strains are given as
where k 11 and k 22 are the bending normal strains in the ␣ 1 and ␣ 2 direction; k 12 is the in-plane bending shear strain; and ␤ 1 and ␤ 2 are the rotational angles defined as ␤ 1 = u 1 / R 1 + ͑1/A 1 ͒͑‫ץ‬u 3 / ‫␣ץ‬ 1 ͒ and ␤ 2 = u 2 / R 2 + ͑1/A 2 ͒͑‫ץ‬u 3 / ‫␣ץ‬ 2 ͒, assuming the shell is thin and ␣ 3 / R 1 Ӷ 1 and ␣ 3 / R 2 Ӷ 1. Accordingly, detailed strain expressions of the magnetostrictive thin shell can be used in the energy functionals defined previously. Furthermore, mechanical membrane forces, bending moments, and transverse shear actions are, respectively, defined as
T 23 Ј d␣ 3 .
͑28͒
Magnetic membrane forces, magnetic bending moments, and magnetic transverse shear actions induced by the magnetostrictive effect in the magnetostrictive shell continuum are
͑36͒
These forces have a quadratic dependence on the transverse magnetic field H 3 . Note that constitutive relationships containing both magnetostriction and inverse magnetostriction effects are presented, however, the inverse magnetostrictive effect from the magnetostrictive material is neglected in further derivations, since actuation is the main issue in this study ͑even though the effect is included in the energy-based Hamilton's principle͒. Thus, applying Hamilton's principle and taking the variation of energy functional F u ͑u͒ with respect to individual variables u i yields the quasistatic condition and the governing magnetostrictive equations for the magnetostrictive thin shell continuum presented next.
Hamilton's Principle
The energy-based Hamilton's principle is utilized to derive the generic dynamic magnetostrictive shell equations. Combining the displacement and magnetic field functionals in Hamilton's equations gives
͑37͒
The enthalpy is given as H g = Except at t = t 0 and t = t 1 , all variants are equal to zero. Again, since the main issue in this study is to evaluate magnetodynamic coupling and actuation characteristics, the inverse magnetostrictive effect in the magnetostrictive continua is dropped in further derivations. Variations of energy terms in the displacement functional, due to the magnetostriction effect, leading to the magnetostrictive dynamic equations are, respectively, presented next. Assume H g represents the total strain energy stored in the magnetostrictive shell element induced by the magnetostriction effect and the elastic properties of the magnetostrictive shell continuum. ͑Note that only a transverse magnetic field H 3 is considered in actuation applications and the transverse normal strain S 33 is negligible͒. Here H g is defined as
͑38͒
Taking variations of Eq. ͑38͒ with respect to all mechanical strains S ij and summing all terms in the enthalpy equation yields
͑39͒
Considering linear variations of in-plane displacements and neglecting rotational inertias as in thin shell assumptions, one can write the kinetic energy induced by the inertias as
͑40͒
The variation of surface traction forces becomes
͑41͒
Integrating the work done by external forces on specific boundaries yields the boundary forces N ij * and moments M ij * included below:
͑42͒
Substituting all energy variations related to the magnetostriction and elasticity of the magnetostrictive thin shell continuum leads to a full variational equation as
Utilizing variations of potential energy, kinetic energy, work done by boundary forces, magnetic energies, etc., Hamilton's principle can only be satisfied if each of the integrals is equal to zero. Moreover, since the variational displacements are arbitrary, each integral equation can only be satisfied if the coefficients of the variational displacement are equal to zero. Thus, the dynamic magnetostrictive/elastic equations and the boundary conditions of the magnetostrictive thin shell continuum can be derived.
Coupled Dynamic/Magnetostrictive Equations and Boundary Conditions
As discussed previously, the variations are arbitrary and each integral equation can only be satisfied if the coefficients of the variational displacements are zero. Thus, based on the procedures described previously, magnetomechanical equations and boundary conditions of a magnetostrictive thin shell continuum can be derived when each of the double and triple parts are equal to zero individually. The system equations describing the coupling of magnetostrictive and dynamic motions in the three directions of the magnetostrictive shell continuum are
Smart adaptive structures and structronic systems have been increasingly studied and developed in the last two decades. The objective of this research is to develop a generic mathematical model for adaptive and controllable magnetostrictive thin shells. Fundamental constitutive relations for a magnetostrictive con- Transactions of the ASME tinuum were presented first, followed by generic force/moment definitions resulting from coupled magnetostrictive/elastic stressstrain relations and stress-force relations. Variations of strain/ magnetostrictive energy, kinetic energy, boundary-force energy, etc. in Hamilton's principle yielded a comprehensive variational equation that can be satisfied only if all coefficients of the variations are zero. This leads to three magnetostrictive coupled dynamic equations in three axial directions. Furthermore, generic boundary conditions including all admissible mechanical and magnetic effects were derived. These governing equations clearly reveal the coupling of magnetostrictive and elastic fields. Note that the magnetic field terms can be used to manipulate and to control the static/dynamic behavior of magnetostrictive shells.
To apply the generic equations of a double-curvature magnetostrictive shell to other geometries, simplification procedures using two Lamé parameters and two radii of curvature were demonstrated in two cases: a magnetostrictive spherical shell and a magnetostrictive toroidal shell. Following the same procedure, one can apply the generic system equations to other common geometries, e.g., beams, arches, plates, rings, cylindrical shells, conical shells, etc., and further evaluate their magnetomechanical characteristics and actuation/control effectiveness.
